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ABSTRACT
It has been shown in the literature that the event horizon of an extremal asymptotically
flat Reissner-Nordstro¨m black hole is also a stable photon sphere. We further clarify this
statement and give a general proof that this holds for a large class of static spherically
symmetric black hole spacetimes with an extremal horizon. In contrast, in the Doran
frame, an extremal asymptotically flat Kerr black hole has an unstable photon orbit on
the equatorial plane of its horizon. In addition, we show that an extremal asymptotically
flat Kerr-Newman black hole exhibits two equatorial photon orbits if a < M/2, one of
which is on the extremal horizon in the Doran frame and is stable, whereas the second
one outside the horizon is unstable. For a > M/2, there is only one equatorial photon
orbit, located on the extremal horizon, and it is unstable. There can be no photon orbit
on the horizon of a non-extremal Kerr-Newman black hole.
1 Black Holes and Their Photon Orbits
One well-known feature of black holes is that due to the spacetime curvature around them,
the paths of light rays can be so distorted that they end up orbiting the black holes. Such
photon orbits, however, are generally unstable. That is, with a slight perturbation, light
will either escape to null infinity or fall into the black hole. A textbook example is the
photon orbit of an asymptotically flat Schwarzschild black hole of mass M , which occurs
1Home institute during which the work was completed. The author has moved to Shanghai Jiao Tong
University, China.
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at r = 3M in the usual coordinate system (t, r, θ, φ) with units G = c = 1. (See, e.g.,
page 143 of [1], or page 42 of [2].) Due to the spherical symmetry, r = 3M is of course
not a single orbit but a collection of infinitely many such orbits (“photon sphere”).
If we perturb the black hole so that it starts to rotate, then there are two photon orbits
on the equatorial plane, that spread out from r = 3M . The boundaries of this region are
two photon surfaces r1 6 3M 6 r2. (Of course the rotating case is only axisymmetric,
not spherically symmetric.) Specifically [3],
r1 = 2M
[
1 + cos
(
2
3
cos−1
(
−|a|
M
))]
,
r2 = 2M
[
1 + cos
(
2
3
cos−1
(
+
|a|
M
))]
;
(1)
where aM is the angular momentum of the black hole. The orbit at r1 is prograde (moving
in the same direction as the black hole’s rotation), whereas the one at r2 is retrograde
(moving against the black hole’s rotation). The motion of light rays on the photon orbits
in the Kerr spacetime is, in general, rather complicated. In particular, a photon orbit
need not be circular2 [4, 5]. Henceforth, without loss of generality, we will assume that
a > 0.
Despite their instability, photon orbits do play some important roles in black hole
physics. It is rather surprising that even for the asymptotically flat Schwarzschild space-
time, some properties involving the photon orbit were still being discovered in the 1970s,
almost 60 years after Schwarzschild’s discovery. Specifically, it was found that [6,7], while
the required outward thrust of a rocket orbiting the black hole at some constant r > 3M
decreases as the orbital speed of the rocket increases (in agreement with what one would
expect based on Newtonian intuition), this was not the case if the orbit is below r = 3M .
For such an orbit, a greater outward thrust is required to maintain its orbit as the orbital
speed increases. (See [8] and the references therein for further discussion, and [7, 9] for
the generalization to stationary axisymmetric case.)
For completeness, let us give some more examples of the importance of the photon
orbit. Firstly, the photon orbit is related to the absorption cross section of the black hole.
For an asymptotically flat Schwarzschild black hole3, the area of this geometric optics
cross section is bM2 = 27piM2 [1], where b =
√
27M is the critical impact parameter
for a massless particle to end up on the photon sphere. This means that there will be
a dark region that will appear in astrophysical observations of black holes, provided we
have enough resolution [12]. This so-called “black hole shadow” will therefore provide
tentative evidence for the existence of black holes. In fact, the Event Horizon Telescope
aims to achieve precisely this [13,14]. It is therefore crucial to understand the properties of
the photon orbits, and whether non-black hole configurations can also admit such orbits.
For example, it was recently shown that spherical polytropic stars cannot “mimic” a
black hole in this way [15]. In addition, observational signatures may also arise from
the unusual thermodynamic properties of the photon spheres, once quantum mechanics
2Circular means having a constant value of r in the Boyer-Lindquist coordinate. Such circular orbit
is topologically S1 but not geometrically a circle.
3This photon sphere is unique. See [10,11].
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is taken into account [16]. Once quantum effects are considered, there will of course
be Hawking radiation from the black hole as well. In the regime in which geometrical
optics approximation is good, the effective area that emits Hawking radiation is, for an
asymptotically flat Schwarzschild black hole, precisely A = 4pib2. As a consequence, the
spectrum of Hawking radiation receives a greybody factor [17]. More recently, following
the direct detection of the gravitational wave by LIGO [18], it has also been emphasized
that the ringdown signatures are related to the existence of photon orbits around a black
hole [19]. To be more specific, the frequency and damping time of the ringdown wave
forms are associated with the orbital frequency and the instability timescale of the photon
orbits, respectively.
Astrophysical black holes are well approximated by the asymptotically flat Kerr so-
lution. In fact many of them are rotating so rapidly that they come extremely close to
the extremal limit imposed by general relativity [20–22]. Near-extremal black holes are
therefore objects of great interest. However, it turns out that an exactly extremal black
hole behaves quite differently from a near-extremal black hole. For example, an (exactly)
extremal black hole suffers from the — classical — Aretakis instability but near-extremal
ones do not [23–29]. Furthermore, the procedure of taking the extremal limit is quite
subtle [30–32]. Therefore, one expects that the properties of photon orbits in the non-
extremal case (no matter how close to extremality) may differ from that of an extremal
black hole case. This is exactly what one finds. Some special cases had been studied in
the literature, e.g., extremal asymptotically flat Reissner–Nordstro¨m [33] and Kerr black
holes [34], extremal Kerr-de Sitter black hole [35], as well as a type of extremal charged
stringy black hole [36]. There is of course a vast literature on the photon orbits of black
hole spacetimes in general, see, e.g. [37–39].
Such results are, however, rather perplexing. To see why, let us consider the familiar
asymptotically flat Schwarzschild black hole. Any light ray that grazes the event horizon
tangentially will not stay on the surface, but instead plunges into the black hole. In
other words, the event horizon is not a photon sphere. In fact, the photon sphere is at
r = 3M , and the cylinder {r = 3M} × R is a timelike hypersurface. The world tube of
event horizon, {r = 2M}×R, however, corresponds to a null hypersurface. The character
of a horizon is therefore quite different from that of the usual notion of a photon orbit.
However, in general, what is essential when analyzing the motion of light rays, is not
the timelike nature of the associated hypersurface per se, but the geodesics equations for
massless particles. In this work, we will therefore define in Sec.(2) the notion of “null
photon sphere”4 via the effective potential for massless particles5. We will then show
that a large class of spherically symmetric static extremal black hole spacetimes possess
a stable null photon sphere on their horizons. (In the literature, a stable photon sphere
is also known as “anti-photon sphere” [42]).
The most important feature of a “null photon sphere” is that, as we shall see, they
only appear in the exactly extremal case. This can be clearly seen in the case of an asymp-
totically flat Reissner-Nordstro¨m black hole — the originally unstable photon sphere of a
4Note that the latter should not be confused with the “photon surface” defined in [43], since any null
hypersurface, including the event horizon, would trivially be a photon surface defined therein.
5The analysis of particle orbit via calculations of the critical points of an effective potential is a
standard technique, and can be found in most textbooks in general relativity. Such a technique can also
be useful for other purposes. See, e.g., [40] and [41].
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non-extremal black hole remains outside the black hole in the extremal limit; and remains
unstable. That is, it is not the same photon sphere that appears on the extremal horizon,
which in fact turns out to be stable [33]. Previously, stable photon orbits are known to
be allowed, at least formally by the mathematics, to exist inside the inner horizons of the
asymptotically flat Kerr [44,45] and Kerr-Newman black holes [46]. Since one should not
trust any (naively derived) features beyond the inner Cauchy horizons due to the mass
inflation instability [47–49], these features are usually considered unphysical.
A considerable amount of confusion has arisen in the asymptotically flat Kerr case,
since in the extremal limit, whether the photon orbit and innermost stable circular orbit
(ISCO) coincide with the horizon or not depends on the choice of spacelike slices [50]. In
particular, in the standard Boyer-Lindquist coordinates, as can be seen from the embed-
ding diagram (see, e.g., Fig.(2) in [3]), these orbits are distinct but projected down to the
same radius in the extremal limit as the throat tends to a cylinder (the Kerr-Newman case
is explored in [51]). However, as shown by Jacobson [50], in the Doran frame [52], which
is the Kerr analogue of the Painleve´-Gullstrand frame for the Schwarzschild geometry,
these orbits do coincide on the horizon. In this work, when we refer to photon orbits on
an extremal horizon, it includes the possibility that this statement should be understood
in the sense of Doran frame. Nevertheless, it turns out that, while the asymptotically
flat Kerr black hole does possess a null photon orbit, in the sense defined in Sec.(2), such
orbit is unstable. (For a fair comparison with the static black holes, for rotating black
hole spacetimes, we only consider the photon orbits that are restricted to the equatorial
plane.) Thus, despite some formal similarities between the charged case and the rotating
case, they behave quite differently as far as the extremal photon orbits are concerned.
What happens when both angular momentum and charge are present? Recently in [51],
Ulbricht and Meinel showed that the photon orbit on the equatorial plane of an extremal
asymptotically flat Kerr-Newman black hole only lies on the event horizon if the angular
momentum is sufficiently large — more specifically, a > M/2. This seems to be in conflict
with the previous result of [33] by Pradhan and Majumdar, since in that work it is shown
that an extremal asymptotically flat Reissner-Nordstro¨m black hole does have a (stable)
photon orbit on its event horizon. However, an extremal asymptotically flat Reissner-
Nordstro¨m black hole is just a special case of the Kerr-Newman family, with vanishing a,
a value which is clearly less that M/2. In this work, we will also resolve these seemingly
contradictory results.
In this work we will restrict our attention to 4-dimensional spacetimes; the extension
to higher dimensions — at least for the static case — is straightforward. We will also
only work with spacetimes in which the black hole event horizon is the outermost horizon.
This means, e.g., we do not consider Schwarzschild-de Sitter black hole, which possesses a
cosmological horizon outside the event horizon. The reason for this restriction is that we
have in mind an external observer who could, at least theoretically, observe the behavior
of photon trajectories in the spacetime. An extremal Schwarzschild-de Sitter black hole
has a degenerate event horizon that coincides with the cosmological horizon, and thus no
observer in the coordinate patch can actually observe the “black hole” from the outside.
The nature of the degenerate horizon here is also somewhat different from, say, the de-
generate horizon of an extremal Reissner-Nordstro¨m black hole. In the latter case, it is
the inner (Cauchy) horizon and the outer (event) horizon that coincide, and both of them
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are horizons associated with the black hole. On the other hand, the cosmological horizon
is associated with de Sitter space, and it has a different geometrical nature (it is observer
dependent) from black hole horizon. In fact, although photon orbit exists exactly on the
horizon of an extremal Schwarzschild-de Sitter black hole [35], one can easily show that
it is not stable (we will come back to this later).
2 The Null Photon Sphere of Extremal Static Black Holes
Let us start with the simple case of an asymptotically flat black hole in which the metric
tensor takes the form
ds2 = −f(r) dt2 + f(r)−1 dr2 + r2 dΩ2, (2)
where dΩ2 need not be a metric on a 2-sphere, for example it can be a flat torus R2/Z2.
Nevertheless, we refer to any geometry in which grr and gtt are only functions of r (and
gtr ≡ 0), as being “spherically symmetric”.
Following the usual procedure [1,2], we can calculate the effective potential V experi-
enced by a massless particle. It is satisfied by the equation
V (r) =
J2
r2
f(r), (3)
where J denotes the angular momentum of the particle.
The existence of a photon orbit corresponds to a stationary point on the potential,
i.e., a root of the equation
V ′(r) =
J2
r2
[
f ′(r)− 2
r
f(r)
]
= 0, (4)
where prime denotes the differentiation with respect to r. Whether the photon orbit
is stable or not of course depends on whether V ′′ is positive or negative. The explicit
expression for V ′′ is
V ′′(r) =
J2
r2
[
f ′′(r)− 4
r
f ′(r) +
6
r2
f(r)
]
. (5)
We hereby define “null photon orbit” as the solution of f(r) = 0 such that V ′(r) = 0.
One may worry whether this is a well-defined notion — the vector ∂/∂r for a Reissner-
Nordstro¨m black hole, for example, is timelike in between the horizons. In the neighbor-
hood of the event horizon rh, for any small ε > 0, ∂/∂r is timelike on (rh − ε, rh) and
spacelike on (rh, rh+ε). It therefore does not make sense to define a potential V (r) across
the horizon, let alone analyze the stability of the stationary points of the potential on the
horizon. This is fortunately not a concern for an extremal black hole since ∂/∂r remains
spacelike on either side of the horizon.
The existence of an extremal horizon at r = rh means that f(rh) = f
′(rh) = 0. For
a static black hole, its Hawking temperature is T = ~f ′(rh)/(4pi), thus extremal black
holes have zero Hawking temperature. This is often taken as the working definition for
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an extremal black hole6 (see, e.g., Sec.(2.1) of [56]). This will become a useful fact for
us later on. For now, let us write the metric explicitly — using the fact that extremal
horizon is the double root of f(r) — as
ds2 = −
(
1− rh
r
)2
dt2 +
(
1− rh
r
)−2
dr2 + r2 dΩ2. (6)
This is of course just one example — not every static extremal black hole admits such a
metric. For this simple example, however, Eq.(4) now gives, for nonzero J ,[
2
(
1− rh
r
) rh
r2
]
− 2
r
[(
1− rh
r
)2]
=
2
r
(
1− rh
r
)[2rh
r
− 1
]
= 0, (7)
so the only solution to this equation is r = rh or r = 2rh. That is, there are two photon
orbits, one of which is on the extremal horizon. If we substitute f(r) = (1 − rh/r)2 into
Eq.(5), we find that
V ′′(r) =
2J2
r6
(
10r2h − 12rhr + 3r2
)
. (8)
Local minimum requires that V ′′(r) > 0. This leads to
rh 6 r 6
6−√6
3
rh ≈ 1.184 rh, or r > 6 +
√
6
3
rh ≈ 2.816 rh. (9)
This means that r = rh is a local minimum, which corresponds to a stable photon orbit;
while r = 2rh is a local maximum, which corresponds to an unstable photon orbit.
In a general static spacetime, gttgrr need not equal −1 [57]. Let us write the metric as
ds2 = −γ(r)2f(r) dt2 + f(r)−1 dr2 + r2 dΩ2; g(r) := γ(r)2f(r). (10)
Consider the equation of motion of a test particle with mass m on this background (even-
tually we will set m = 0 since we are only interested in massless particles, but for the
sake of completeness we include the mass term here):
gµνp
µpν +m2 = 0, (11)
or explicitly, assuming the motion is on the equatorial plane,
− g(r)
(
dt
dλ
)2
+ f(r)−1
(
dr
dλ
)2
+ r2
(
dφ
dλ
)2
+m2 = 0. (12)
6It should be emphasized that the temperature of a black hole is always measured with respect to some
class of observers. For an asymptotically flat spacetime, the Hawking temperature is measured by an
asymptotic observer at r →∞; while for an asymptotically AdS spacetime, the Hawking temperature is
interpreted as the temperature seen by the dual gauge theory on the conformal boundary of AdS, on which
an observer has proper time t. In general, the temperature of a black hole with non-trivial asymptotic
geometry is tricky to be interpreted. Nevertheless, this does not affect our argument since all that is
important for our purpose is that a static extremal black hole should satisfy (grr)′(rh) = 0 = grr(rh), and
this together with the definition of temperature in Eq.(20) below, imposed by regularity of the Euclidean
geometry, implies that T = 0 for extremal black holes. As we have mentioned, in this work we do
not consider spacetimes with a cosmological horizon, but it is worth mentioning that there is a debate
regarding the temperature of an extremal Schwarzschild-de Sitter black hole in which a cosmological
horizon coincides with the black hole horizon [53, 54] (mainly due to the subtlety of taking limit in
spacetimes [55]).
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At least for asymptotically flat geometries, analogous to the familiar Schwarzschild case,
we can define the energy and angular momentum by
E∞ := g(r)
dt
dλ
and J := r2
dφ
dλ
, (13)
respectively. Here λ is an affine parameter that parametrizes the worldline of the particle.
Then, we obtain (
dr
dλ
)2
= f(r)
[
E2∞
g(r)
−
(
J2
r2
+m2
)]
. (14)
That is, (
dr
dφ
)2
=
r4
b2
[
f(r)
g(r)
E2∞
E2∞ −m2
− f(r)
(
b2
r2
+
m2
E2∞ −m2
)]
, (15)
where we have defined, as usual, the impact parameter
b :=
J√
E2∞ −m2
. (16)
For the case of massless particles, m = 0, we have(
dr
dφ
)2
=
r4
b2
[
f(r)
(
1
g(r)
− b
2
r2
)]
. (17)
Meanwhile, from Eq.(14), we see that the effective potential is7
V (r) = g(r)
J2
r2
= γ(r)2f(r)
J2
r2
. (18)
The condition for the existence of a photon orbit is V ′ = 0. A quick calculation shows
that
V ′(r) = J2
[
2γ(r)γ′(r)f(r)
r2
+
γ(r)2f ′(r)
r2
− 2γ(r)
2f(r)
r3
]
. (19)
On the other hand, imposing regularity on the Euclidean horizon after Wick rotation, one
may show that the Hawking temperature of the metric in Eq.(10) is
T =
~
2pi
[
γ(r)
2
df
dr
+ f(r)
dγ
dr
]
r=rh
. (20)
At extremality, the Hawking temperature vanishes, which means that
γ(rh)
2
f ′(rh) = −f(rh)γ′(rh). (21)
7More appropriately one should change to a new coordinate system, such that instead of the areal
radius r, we use R, with dR2 =
g(r)
f(r)
dr2, then we can obtain — instead of Eq.(14) — the usual mechanics
analogue
(
dR
dλ
)2
= E2∞ − g(r)
J2
r2
for a massless particle, where r is now a function r(R). Then, the
potential is more readily identified. The result would be the same.
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This implies that for an extremal horizon, Eq.(19) will reduce to
V ′(rh) = −2γ(rh)
2f(rh)J
2
r3h
. (22)
This vanishes on the horizon since f(rh) = 0. That is to say, the extremal horizon is a
photon sphere. The second derivative of V satisfies
V ′′(rh) =
J2γ(rh)
2f ′′(rh)
r2h
. (23)
If this is positive on the horizon, then we are done. Indeed, if the metric is given by
Eq.(6), then f ′′(rh) is evidently positive. For the general case, if we assume the metric is
real analytic8, then this follows from noting that the Taylor series of f(r) at the extremal
horizon is
f(r) =
∞∑
n=2
f (n)(rh)
n!
(r − rh)n, (24)
because f(rh) = f
′(rh) = 0. First, let us suppose that f ′′(rh) 6= 0. Since f(r) > 0 for
all r > rh, we must have f
′′(rh) > 0, otherwise for sufficiently small r − rh, the metric
coefficient f(r) would become negative9.
A more precise statement can be made by using the Lagrange remainder. Specifically,
f(r) =
∞∑
n=2
f (n)(rh)
n!
(r − rh)n = (r − rh)
2
2
f ′′(rh) +R, (25)
where the remainder R is given by
R =
f
′′′
(r∗)
3!
(r − rh)3, (26)
where r∗ ∈ (rh, r). If r > rh, we have f(r) > 0, so
f ′′(rh) +
f
′′′
(r∗)
3
(r − rh) > 0. (27)
Suppose to the contrary that f ′′(rh) = −C for some positive C , then f ′′′(r∗) has to be
positive. We see that inequality (27) is equivalent to the condition that
r − rh > 3C
f ′′′(r∗)
=: δ. (28)
8Analyticity is a stronger statement than smoothness, since it implies a certain rigidity property: if
two analytic mappings between two manifolds f, g : M → N agree on some open set U ⊂ M , and
M is connected, then f and g are globally identical. Admittedly this seems too strong as a physical
requirement, although it is one of the premises in the proof of the uniqueness of the Kerr solution
(Carter-Hawking-Robinson theorem [58–60]). (A lot of efforts are now being put into improving the
proof without assuming analyticity [61,62].) A pragmatic physicist who is used to power series solutions
might be less concerned with this technical assumption. We also note that static or electrovacuum
spacetime can always be endowed with analytic charts if there is a timelike Killing vector field [63]. This
condition, however, fails on black hole horizons. (Static vacuum spacetimes with non-degenerate horizons
are one-sided analytic [64].)
9This part of the argument breaks down for an extremal Schwarzschild-de Sitter black hole. This is
because in de-Sitter spacetime in the static coordinates, the coordinate r is bounded: r 6 L.
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But r − rh can be arbitrarily small; if it is smaller than δ, it now follows that we cannot
have f(r) > 0 for r > rh. This is a contradiction, and thus we must have f
′′(rh) > 0, as
claimed.
In the unlikely case that f ′′(rh) also vanishes, we need to use higher derivative test. By
a similar argument, the fist nonzero Taylor coefficient must be positive. If this coefficient
f (k)(rh)/k! is such that k is even, then we have a local minimum and the photon orbit
is stable. However if k is odd, then instead of being a local minimum, we would have a
strictly increasing inflection point, and the photon orbit is therefore unstable. Thus, we
obtain the following result:
Theorem: Suppose a black hole spacetime is spherically symmetric, i.e., it
admits a metric tensor of the form
ds2 = −γ(r)2f(r) dt2 + f(r)−1 dr2 + r2 dΩ2,
and furthermore that the event horizon rh is the outermost horizon in the
spacetime, then there is a photon orbit on rh when the black hole is extremal.
That is,
f(rh) = 0 = f
′(rh).
Furthermore, assuming that f is a real analytic function, the photon orbit is
(1) stable, if the first non-vanishing Taylor coefficient f (k)(rh)/k! is with an
even k, k > 2; and
(2) unstable, if otherwise.
2.1 Special Case I: Asymptotically Flat Reissner-Nordstro¨m
Black Hole
Now let us examine the photon sphere for an asymptotically flat Reissner-Nordstro¨m
black hole, with metric tensor of the form
ds2 = −
(
1− 2M
r
+
Q2
r2
)
dt2 +
(
1− 2M
r
+
Q2
r2
)−1
dr2 + r2
(
dθ2 + sin2 θ dφ2
)
. (29)
The effective potential for massless particles is
V (r) =
J2
r2
(
1− 2M
r
+
Q2
r2
)
. (30)
Solving for V ′ = 0, we find that the photon sphere is at
r+ph =
3M +
√
9M2 − 8Q2
2
. (31)
Note that the other root
r−ph =
3M −√9M2 − 8Q2
2
(32)
cannot be a photon sphere since it lies between the two horizons. In that region of
spacetime, ∂/∂r is a timelike vector and so even though V has a formal local minimum
there, r = r−ph cannot be interpreted as an “orbit” (see also [43]).
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In the extremal limit M → Q, we see that r+ph → 2M , which remains outside the
extremal horizon rh = M . This agrees with Eq.(7), since the extremal asymptotically flat
Reissner-Nordstro¨m black hole has a metric tensor precisely of the form given in Eq.(6).
However, note that r−ph, which previously is not physical, now tends to M , which is the
same position as the extremal horizon. In other words, in the exactly extremal case, r−ph
is now a physical photon orbit, which exists independently of the “outer” photon orbit
r+ph. See Fig.(1). This is the result obtained in [33].
Figure 1: The plots of the effective potential of a non-extremal Reissner-Nordstro¨m black hole with spherical horizon with
generic parameters (bottom curve), and that of the extremal one (top curve). The latter has a local minimum at the
extremal horizon (rh = 1 in this example). Though not obvious in the plot, r = 2 corresponds to a local maximum for the
blue curve. In the non-extremal case, the local minimum is in between the horizons, a region in which ∂/∂r is timelike, and
thus does not correspond to a photon orbit. The (stable) photon orbit interpretation is only possible at extremality, when
the local minimum coincides with the degenerate double root of the potential.
2.2 Special Case II: Asymptotically Locally AdS Reissner-
Nordstro¨m Black Hole with Toral Horizon
The metric of an AdS black hole with a toral event horizon is, in the Lorentz-Heaviside
units,
ds2 = −
(
r2
L2
− 8piM
∗
r
+
4piQ∗2
r2
)
dt2 +
(
r2
L2
− 8piM
∗
r
+
4piQ∗2
r2
)−1
dr2+ r2
(
dζ2 + dξ2
)
,
(33)
where ζ, ξ ∈ [0, 2piK) are dimensionless coordinates on a flat 2-dimensional Riemannian
manifold (and thus has zero spatial scalar curvature). M∗ and Q∗ are mass and charge
parameters, respectively. Let us take the horizon to be a flat square torus with area
4pi2K2r2h, in which K is a dimensionless “compactification parameter”, and rh the event
horizon. Then M∗ = M/(4pi2K2), and Q∗ = Q/(4pi2K2), where M and Q are the physical
mass and charge of the black hole.
The potential for massless particles is given by
V (r) =
J2
r2
(
r2
L2
− 8piM
∗
r
+
4piQ∗2
r2
)
. (34)
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This function is monotonically increasing outside the horizon. In other words, it does
not have any local maximum. This implies that there is no photon orbit outside the
event horizon, stable or otherwise. This is due to the underlying flat spatial geometry; a
spherical black hole in AdS would still have an unstable orbit. (For the uncharged case,
the photon orbit of a spherical Schwarzschild-AdS black hole is at r = 3M . See [65]).
It is a simple exercise to show that, despite an absence of any photon orbit in the non-
extremal case, if the toral black hole is extremally charged, its extremal horizon admits
null photon orbits in the sense we have defined in the beginning of this section. This is
illustrated in Fig.(2), which is a numerical plot of the effective potential.
Figure 2: The plots of the effective potential of a non-extremal charged toral black hole with generic parameters (bottom
curve), and that of the extremal one (top curve). In the non-extremal case, the local minimum is in between the horizons
and thus does not correspond to a photon orbit. The (stable) photon orbit interpretation is only possible at extremality,
when the local minimum coincides with the degenerate double root of the potential.
In fact, the result also holds for other topological black holes in AdS, see appendix for
the elementary, but explicit, calculation.
3 A Non-Example: Charged Dilaton Black Hole
In the low energy limit of string theory, a scalar field known as dilaton couples with the
electromagnetic field. It admits an asymptotically flat charged black hole solution of the
form [66–68]
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r
(
r − Q
2
M
)(
dθ2 + sin2 θ dφ2
)
, (35)
if the asymptotic dilaton field value is zero. The dilaton ϕ relates to the Maxwell field
F = Q sin θ dθ ∧ dφ by
e−2ϕ = 1− Q
2
Mr
. (36)
This metric looks almost the same as that of an asymptotically flat Schwarzschild
black hole. However, unlike the Schwarzschild metric, the coordinate r is not a radial
radius.
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The geometry we are discussing here is the so-called Einstein’s frame geometry. In
the string frame metric, which is related to the Einstein’s frame metric by a conformal
factor, the naked null singularity becomes a well-defined sphere. The string worldsheet
has a minimal surface area with respect to the string frame metric. For a study of null
geodesics in charged dilaton black hole spacetime in both the Einstein’s frame and the
string frame, see [69].
The effective potential for massless particles in this black hole geometry is
V (r) =
J2
r
(
r − Q2
M
) (1− 2M
r
)
. (37)
The first derivative is
V ′(r) =
J2M [6M2r − 2M(2Q2 + r2) +Q2r]
r3(Mr −Q2)2 . (38)
The photon sphere is situated at
r+ph =
√
36M4 − 20M2Q2 +Q4 + 6M2 +Q2
4M
. (39)
Note that the numerator of V ′(r) has two zeroes r±ph, but r
−
ph is never physical, see the
detailed analysis in [43].
Indeed we see that in the extremal limit (Q2 → 2M2), the photon sphere tends to the
extremal horizon (r+ph → 2M). The second derivative of the effective potential is
V ′′(r) = −2MJ
2(12M3r2 − 16M2Q2r − 3M2r3 + 6MQ4 + 3MQ2r2 −Q4r)
r4(Mr −Q2)3 . (40)
This expression goes like V ′′ → −∞ as the extremal limit is approached. That is, naively
one would say that there is an unstable photon orbit on the extremal horizon. See also [36].
This seems to contradict our previous result that extremal static black holes have stable
null photon orbit on their event horizon. However, there is no real contradiction here since
the extremal dilaton charged black hole is, strictly speaking, not a black hole at all —
its event horizon has degenerated into a naked null singularity, and cannot be interpreted
as a photon sphere. Furthermore, our argument for the existence of a stable null photon
orbit really depends on the extremal horizon being a degenerate horizon, in the sense
that the inner horizon coincides with the outer, event horizon. In the case of charged
dilaton black hole there is only one horizon and so the argument breaks down. (Note
that, unfortunately, the word “degenerate” has two different meanings in this discussion.)
In addition, the Hawking temperature of the extremal black hole is non-vanishing. (See
also [70], in which it was also pointed out that the effective potential of a massless scalar
field diverges at the extremal “horizon”). The Hawking temperature is ~/8piM , which is
the same as a Schwarzschild black hole of the same mass. (In fact its Hawking temperature
is independent of the amount of electrical charge and is always equal to ~/8piM). So indeed
the extremal dilaton charged “black hole” is not an extremal black hole in the usual sense.
We remark that in a “mechanics” problem such as analyzing the orbital movement,
one may find it more intuitive to work with a coordinate such that the 2-sphere part of
the metric takes the form R2 dΩ2, so that R = R(r) is a radial radius. However, the
result here of course does not depend on the choice of coordinates.
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4 Rotating Black Holes in General Relativity
In the preceding section we have shown that extremal static black holes have photon
orbits on their event horizon. Remarkably these photon orbits are also stable. This
is a very generic statement applicable to a wide class of black hole solutions. What
happens if the black hole is stationary but not static? It is well-known that spacetime
around rotating black holes are much more complicated to analyze. Therefore, instead of
aiming to understand a general class of rotating spacetimes, let us focus on two concrete
examples: the asymptotically flat Kerr and Kerr-Newman black holes in general relativity.
Since we are mainly interested in photon orbits on the horizon, and therefore well inside
the ergosphere (which extends up to r = 2M in the equatorial plane for the extremal
Kerr spacetime), we are only considering co-rotating photon orbits.
4.1 The Case of Asymptotically Flat Kerr Black Hole
Let us now comment on the case of asymptotically flat Kerr black holes. The metric
tensor in the standard Boyer-Lindquist coordinates is
ds2 =−
(
1− 2Mr
ρ2
)
dt2 − 4Mar sin
2 θ
ρ2
dt dφ+
ρ2
∆2
dr2 + ρ2 dθ2 (41)
+
sin2 θ
ρ2
[
(r2 + a2)2 − a2∆ sin2 θ] dφ2, (42)
where ∆(r) := r2 − 2Mr + a2 and ρ2(r, θ) := r2 + a2 cos2 θ. Note that for fixed t and
fixed r, the submanifold corresponds to a topological 2-sphere, but it is not geometrically
a round sphere.
While the static spacetimes discussed thus far are spherically symmetric, a rotating
black hole such as an asymptotically flat Kerr black hole is only axisymmetric. The motion
of a massless particle around a rotating black hole is much more complicated, so to have a
fair and direct comparison with the static cases, we shall restrict to the equatorial plane10.
On the equatorial plane, the “effective potential” for massless particles can be derived
[72] by considering the equation
gtt(pt)
2 + 2gtφptpφ + g
φφ(pφ)
2 + grr(pr)
2 = 0. (43)
Indeed, given a spacetime (M , g), furnished with a coordinate chart {xµ}, one could
write down the “Lagrangian” L (xµ, x˙µ) = gµν x˙µx˙ν . Here dot denotes differentiation with
respect to the affine parameter λ that parametrizes the particle worldline. An appropriate
affine parameter along the null geodesic can be chosen such that the conjugate momenta
pµ in Eq.(43) satisfies x˙
µ = gµνpν = p
µ [72] . The trick is to re-write Eq.(43) into the
standard “mechanic form”
r˙2 + V (r, a, b) = E2∞. (44)
10Geodesics on the equatorial plane enjoy various nice properties. For example, its Carter constant Q
vanishes identically. This does not completely determine the equatorial geodesics however, since many
geodesics with Q = 0 are not equatorial. In fact, through every point on the Kerr spacetime, there exists
a geodesic with Q = 0 that passes through it. See Section 4.14, and Corollary 4.5.7, of [71].
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The effective potential turns out to be11
V (r, a, b) =
J2
r2
[
1−
(a
b
)2
− 2M
r
(
1− a
b
)2]
, (45)
where b := J/E∞ plays the role of an impact parameter of the particle with energy E∞
and angular momentum per unit rest mass J . As emphasized in [72], one must be careful
in interpreting V as an effective potential due to its b-dependence. Nevertheless, the
stability of a circular photon orbit can still be studied in the usual manner by taking the
second derivative of V with respect to r.
Note that in order to have the photon orbit on the extremal horizon, the impact
parameter b must take a special value [72]. This is easily seen by solving for V ′ = 0 and
setting the root to rh = M , which yields b = 2M .
Consider the circular photon orbits, whose expressions are given in Eq.(1). Evidently,
in the extremal case, a→M , we see that there are two photon orbits: a counter-rotating
one at r = 4M and a co-rotating one on the horizon r = M . As we have mentioned in
Sec.(1), there had been some debate regarding whether the co-rotating photon orbit really
coincides with the event horizon. In any case, this orbit is an unstable one [72], which
is clearly seen in the plot of the effective potential, as in Fig.(3). Therefore, an extremal
Kerr black hole does not admit a stable photon orbit.
Figure 3: The plots of the equatorial effective potential of a non-extremal asymptotically flat Kerr black hole with generic
parameters (bottom curve), and that of the extremal one (top curve). The extremal black hole has a photon orbit on its
event horizon, but since it corresponds to a local maximum, it is unstable.
4.2 Where Is the Photon Orbit of an Extremal Asymp-
totically Flat Kerr-Newman Black Hole?
The Kerr-Newman black hole, which is both charged and rotating, is described by the
metric tensor in Eq.(41), but with the mass term 2M/r replaced by 2M/r − Q2/r2.
(Equatorial circular geodesics on asymptotically flat Kerr-Newman background were first
studied in [73]. See also [74, 75].)
11Our definition of the effective potential differs from that of [72] by an overall factor of J2.
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A straightforward generalization of the derivation in [72] leads to the “effective po-
tential” of massless particles for an asymptotically flat Kerr-Newman black hole on the
equatorial plane12 (See also Eq.(19) of [76].):
V (r, a, b) =
J2
r2
[
1−
(a
b
)2
−
(
2M
r
− Q
2
r2
)(
1− a
b
)2]
. (46)
Using the extremality conditions M2 = a2 +Q2, one can find the value of the impact
parameter necessary for equatorial geodesics of massless particles to be on the extremal
horizon rh = M . It is
b =
2M2 −Q2√
M2 −Q2 . (47)
For a consistency check, we note that setting Q = 0 recovers the expression for an asymp-
totically flat Kerr black hole, namely that b = 2M ; whereas by taking M → Q limit
we recover the extremal Reissner-Nordstro¨m case, in which the effective potential has no
b-dependence. In fact, as shown in Fig.(4), the shape of the effective potential reduces
correctly in both limits (a = 0 and a = 1).
We are now ready to study the photon orbit of an extremal Kerr-Newman black hole.
Recall that the mystery is this: in [51], Ulbricht and Meinel found that for an extremal
asymptotically flat Kerr-Newman black hole, the photon orbit only lies on the horizon
if the angular momentum is sufficiently large (a > M/2). How then would there be a
photon orbit on the extremal RN horizon, which has a = 0?
The answer is found by plotting the first derivative of the potential, V ′, with b set to
the value in Eq.(47). Explicitly, we then have
V ′(r, a) =
−2J2M2[2a2(r2 −M2) +M2(r2 − 3Mr + 2M2)]
r5(M2 + a2)2
. (48)
The zeroes of V ′ correspond to the possible positions of the photon orbits. The plot
is given in Fig.(5). The intersections of the surface with the horizontal ar-plane are the
zeroes of V ′, but they do not necessarily correspond to circular photon orbits, because one
has to check that the condition V (b, r) = 1/b2 also holds. The vertical plane corresponds
to the position of the extremal event horizon. Note that the shape of V ′ is such that there
are always zeroes on the horizon, these are genuine photon orbits. Ignoring what happens
inside the horizon for the moment13, for a > M/2, these photon orbits on the horizon are
unstable. Furthermore there is no other (co-rotating) photon orbit outside the horizon.
For a < M/2, the orbit on the horizon is stable (this can be shown analytically
by examining V ′′, see below). But there is also another photon orbit exterior to the
horizon, which is unstable. This unstable photon orbit does not correspond to the other
intersection of the surface with the horizontal ar-plane shown in Fig.(5), as this curve does
not satisfy the condition V (b, r) = 1/b2. Rather, by solving the equations V (b, r) = 1/b2
and V ′(b, r) = 0 simultaneously, we find that the other orbit satisfies r = 2(M−a), which
12This has, incidentally, the same form of the effective potential for Kerr black hole in Eq.(45), but
with 2M/r 7→ 2M/r−Q2/r2. The same substitution also relates the effective potential of Schwarzschild
black hole to that of Reissner-Nordstro¨m black hole in Eq.(30).
13At least formally, stable photon orbits are present inside the horizon for a < M/2. This is consistent
with earlier works that show the existence of such peculiar orbits even for non-extremal cases [46].
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Figure 4: The effective potential of an extremal asymptotically flat Kerr-Newman black hole with unit mass. We also
set the particle angular momentum J = 1. The vertical plane at r = 1 denotes the extremal horizon. Note that when
a = 0 the effective potential reduces to that of an extremal asymptotically flat Reissner-Nordstro¨m spacetime, with a local
minimum on the horizon. This gradually transits into a local maximum, and as a = 1, recovers the result of an extremal
asymptotically flat Kerr spacetime. The turnaround point from local minimum to local maximum is a = 1/2. In general,
it is a = M/2.
Figure 5: The surface plot of the first derivative of the effective potential, V ′, of an extremal asymptotically flat Kerr-
Newman black hole, with mass M set to unity, as a function of the angular momentum parameter a, and Boyer-Lindquist
radius r. We also set the particle angular momentum J = 1. The impact parameter b has been set in accordance to Eq.(47).
The charge is determined by the extremality condition Q2 = M2−a2. Only the intersection of the surface with the vertical
plane (the horizon) satisfies V = 1/b2, and is therefore the circular photon orbit with impact parameter given by Eq.(47).
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corresponds to an impact parameter b = −3a + 4. In the a→ 0 limit, this outer photon
orbit goes to r = 2M . This recovers the result for asymptotically flat Reissner-Nordstro¨m
black holes. We plotted both photon orbits in Fig.(6).
In [51], the authors only tracked the outermost (co-rotating) photon orbit14, and thus
their result gives the impression that the unstable photon orbit on the extremal Kerr-
Newman horizon “peels away” as rotation slows down to a < M/2. However, what
actually happens is that it “splits off” into two — one moves outward and remains unstable
as the black hole slows down to a < M/2, and one remains on the extremal horizon, but
has become stable. Alternatively, one could say that the unstable orbit does indeed peel
away from the extremal horizon, but a new stable orbit appears on the extremal horizon
for a < M/2. Our result therefore agrees with that of [51], if we interpret their photon
orbit to be the unstable one.
Let us show explicitly the stability analysis. For M = 1 and Q2 = 1− a2, elementary
calculus gives:
V ′′(r, a) =
2J2[(6a2 + 3)r2 − 12r + 10(1− a2)]
r6(1 + a2)2
. (49)
The sign of V ′′(a, r) therefore depends only on the quadratic polynomial G (a, r) := (6a2 +
3)r2−12r+10(1−a2). On the horizon rh = 1, this reduces to G (a, rh) = 1−4a2. Stability
requires that 1− 4a2 > 0, i.e., a < 1/2. In general, it is a < M/2. The stability region of
the photon orbit can be seen from Fig.(6), where we have shaded the region in which the
polynomial G (a, r) is positive.
For the non-extremal case, there can be no photon orbit on the horizon. To see this,
recall that the conditions for a circular photon orbit rh are
15 : V (rh, a, b) = E
2
∞ and that
V ′(rh, a, b) = 0. (One can check that with the choice of b in Eq.(47), the extremal black
hole discussed above does indeed satisfy these two conditions.) The first condition is,
explicitly
1
r2
(
1− a
b
)[
1 +
a
b
−
(
2M
r
− Q
2
r2
)(
1− a
b
)]
=
1
b2
. (50)
Note that E2∞ = J
2/b2, and J2 cancels out since V also has a factor of J2. This leads to
the algebraic equation
[r2(b+ a)− 2Mr(b− a) +Q2(b− a)](b− a) = r4. (51)
The second condition V ′(rh, a, b) = 0 yields
[−r2(b+ a) + 3Mr(b− a)− 2Q2(b− a)](b− a) = 0. (52)
Since a 6= b — for otherwise the potential V vanishes identically — we must have
b− a = r
2(b+ a)
3Mr − 2Q2 . (53)
14Indeed, the authors of [51] already derived the full result: immediately under Eq.(15) in their paper,
they wrote “We see that ξ = a2 is a solution for prograde orbits. That is equivalent to the horizon’s
coordinate x = 1 of the extreme Kerr-Newman spacetime.” This agrees with our result that there
is always a photon orbit on the extremal horizon. However, in the subsequent discussion, they only
discussed the outermost photon orbits (the outer solution to their polynomial Eq.(14)).
15Note that the first condition is important when rotation is involved. In the static case, the effective
potential has no b-dependence, so the value of b, and hence also of E∞, are trivially fixed by the solution
of V ′(r) = 0.
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Figure 6: This plot shows the values of a and r such that the first derivative of the effective potential, V ′, vanishes,
as well as satisfying V = 1/b2. That is, the solid slanted line and the solid vertical line (which coincides with the
extremal horizon rh = 1) denote the circular photon orbits. The common shaded regions are where the function G (a, r) =
(6a2 + 3)r2 − 12r + 10(1 − a2) is positive. This function has the same sign as V ′′, and therefore governs the stability of
the photon orbit on the horizon. (The other photon orbit is shown for comparison purpose, its stability regions are slightly
bigger, which include the lighter (yellow) parts. Retrograde photon orbits are not shown.) To conclude, the photon orbit
on the horizon is stable if it is inside the common shaded region, and unstable otherwise.
Substituting Eq.(53) into Eq.(51), elementary algebra yields
b =
r2√
Mr −Q2 + a. (54)
Substituting this expression back into Eq.(53) then gives
b =
3Mr − 2Q2√
Mr −Q2 − a. (55)
Equating these two expressions for b, we get
3Mr − 2Q2 − r2 = 2a
√
Mr −Q2. (56)
Now suppose that the extremal event horizon rh = M +
√
M2 −Q2 − a2 is a solution,
i.e., that it is a photon orbit. Then
r2h = 2Mr −Q2 − a2, (57)
and consequently Eq.(56) reduces to a perfect square
(a−
√
Mrh −Q2)2 = 0. (58)
Subsequently,
a2 = Mrh −Q2 ⇒ (M2 −Q2 − a2)2 = M2(M2 −Q2 − a2), (59)
18
which implies
(Q2 + a2)(M2 −Q2 − a2) = 0. (60)
We must therefore have M2 − Q2 − a2 = 0, i.e., the black hole is necessarily extremal.
Note that Q2 + a2 cannot be zero unless Q = 0 = a, which means the black hole is
Schwarzschild. However, recall that the photon orbit for a Schwarzschild black hole is
located at r = 3M , not on its horizon.
5 Conclusion: Light on the Event Horizon of Extremal
Black Holes
Extremal black holes have always been a curiosity in general relativity. Their virtues
lie in their simplicities. Due to the extremality condition that relates the black hole
parameters, many equations become much easier to solve. Extremal black holes are also
of great interest in theoretical physics, since they do not emit Hawking radiation (though
they can discharge via Schwinger emission. See, for example, [77]). Due to the subtleties
involved in taking limits of spacetimes, the properties of an exactly extremal black hole can
differ from a near-extremal one, however close to extremality the latter is. In particular,
it has been shown in the literature that many extremal black holes admit photon orbits
exactly on their event horizons. Sometimes such an orbit is not stable, but surprisingly,
sometimes it is. It is therefore an interesting question to ask: when is a photon orbit on
the extremal horizon stable?
In this work we have shown that, if the extremal black hole is static and spherically
symmetric, then the photon orbit on its horizon is necessarily stable if the first nonzero
Taylor coefficient of its metric coefficient f (k)(rh)/k!, k > 2, is with an even k. This is a
rather surprising property that was first discovered in the context of asymptotically flat
Reissner-Nordstro¨m black holes [33]. Though the result does not extend straightforwardly
to rotating black holes in general, it is still rather amazing that light can orbit so close to
a black hole — on the horizon itself — without falling into the hole.
The rotating case is much more complicated to analyze, but is nevertheless important
to understand since astrophysical black holes do rotate. In addition, rotating (and shear-
ing) black holes play important roles in holography when the dual field theory exhibits
nonzero angular momentum, e.g., in the context of heavy ion collisions [78,79]. It should
be emphasized that in the Boyer-Lindquist coordinates, although the extremal Kerr and
Kerr-Newman black holes have a photon orbit at r = rh, the photon orbit does not really
coincide with the event horizon, but is located at a finite proper distance away. This is
due to the degeneracy of the radial coordinate as the Kerr(-Newman) throat geometry
tends to that of a cylinder in the extremal limit. However, the event horizon does coincide
with the photon orbit in the Doran frame [50].
We examined the extremal asymptotically flat Kerr and Kerr-Newman black holes,
and found that they always have photon orbit on the equatorial plane of their event hori-
zon. For the Kerr case this orbit is unstable, whereas for the Kerr-Newman case, it is
stable if a < M/2 — or equivalently Q2 > 3M2/4 — but unstable if a > M/2. That is to
say, angular momentum tends to destabilize the photon orbit, whereas electrical charge
tends to stabilize it. We also found that, for a < M/2, in addition to the photon orbit
on the event horizon, there appears another unstable photon orbit which lies outside of
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the horizon. This clarifies the — at least at first sight — seemingly contradictory results
in the literature. We also prove that there cannot be any photon orbit on the event
horizon of a non-extremal Kerr-Newman black hole. Perhaps some further understanding
can be gained by investigating the stability of photon orbits on the horizon of an ex-
tremal asymptotically flat Kerr-Newman black hole but without restricting the analysis
to the equatorial plane. Specifically, it would be interesting to see how stability condition
might change with latitude, away from the equatorial plane, as the value of the rotation
parameter is increased.
In the theorem just before Sec.(2.1), we characterized the stability of photon orbits
for spherically symmetric black hole spacetimes. Essentially, if the metric coefficient
is analytic, then this depends on the sign of the first nonzero Taylor coefficient of the
expansion. As we have mentioned, though unlikely, it is conceivable that a photon orbit
might have vanishing second derivative f ′′(rh) = 0, i.e., the photon orbit corresponds to
an inflection point of the potential. Then the orbit is “one-sided unstable”. We know of
a concrete example of a photon orbit that lies on the inflection point of the potential: it
is not a black hole but an asymptotically flat Reissner-Nordstro¨m naked singularity. One
can easily show, from the potential in Eq.(30), that for a naked singularity (Q > M), we
still have a stable photon orbit as long as the charge-to-mass ratio is not too high. The
limiting case is when Q2/M2 = 9/8, with the photon orbit at rph = 3M/2. The photon
orbit changes from being a local minimum (for Q2/M2 < 9/8) to an inflection point (at
Q2/M2 = 9/8), and stability is lost. The point is that the stability of photon orbit is
definitely not a feature unique to an extremal horizon, and if naked singularity exists,
then stable photon orbits can exist at least in some range of the parameters of the theory.
An open problem is the following: In this paper we only studied fairly simple space-
times which are either spherically symmetric or axially symmetric, what happens when
we have an extremal black hole with less symmetries? Does an extremal black hole al-
ways have a photon orbit on its horizon? More importantly, under what conditions would
horizon photon orbits be stable? Of course, given the metric of any extremal black hole,
we could always analyze the photon trajectories on a case by case basis, but it would be
better if one could make a stronger statement. Unfortunately at this stage our analysis
does not permit us to say anything definitive about the more general spacetimes that have
less symmetry. It is, however, quite clear that some kind of symmetry would be required
to have a photon orbit. Even the existence of spherical orbits (i.e. at constant r) — not
necessarily the one on rh — in asymptotically flat Kerr background, is a subtle issue once
one studies motions that are spherical but not restricted to the equatorial plane [5]. In
that case massless particle would have some periodic motion in the latitudinal direction,
and this is governed by a hidden symmetry, quantified by Carter’s constant [58]. This
symmetry itself is not obvious from the spacetime symmetry alone. This suggests that one
should first study if a given geometry has enough symmetry that governs the geodesics,
so that at least in principle, a photon orbit could exist. This task is, unfortunately, also
not a trivial one, especially when the symmetry is hidden.
Next, we remark that the instability of a photon orbit is crucial to guarantee the
stability of a given spacetime. The reason is the following: if the photon orbit is stable,
one could pile up arbitrarily many photons on said orbit. (This would also be the case for
gravitons and other massless particles.) This would eventually lead to a backreaction to
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the spacetime geometry. That is, the geometry will deform away from the one described by
the original metric. In fact, the instability of the photon orbit for Kerr black holes outside
their horizon was a crucial ingredient used in the proof that slowly rotating Kerr black
holes are stable when considering linear wave equation on the background [80]. The fact
that static extremal black holes have stable photon orbits, on the contrary, implies that
these black holes are unstable (even without considering the Aretakis instability [23–29]).
The question is then: what exactly happens to the geometry due to this backreaction?
It is natural to postulate that they would settle down to a “nearby solution”, perhaps a
non-extremal black hole. However, one would need to actually show this.
Finally, we remark that in the Kerr/CFT correspondence [56,81], it is noted that since
the event horizon of the extremal Kerr black hole rotates at the speed of light, heuristically
this means that physical objects must also move at the speed of light if it were to stay on
the horizon (so only massless fields are allowed), and hence only chiral degrees of freedom
appear [56, 81], which are responsible for the entropy of the black hole. So an extremal
Kerr black hole is dual to the chiral limit of a two-dimensional CFT. We wonder whether
the stability — or in the extremal Kerr case, instability — of the photon orbit on the
extremal horizon has any implication to the field theory correspondence. In addition,
although we have investigated the photon orbits in quite general spacetimes for the static
case, we have only investigated asymptotically flat Kerr and Kerr-Newman black holes in
the non-static case. It would therefore be interesting to see if in the asymptotically AdS
case, the photon orbits of Kerr-Newman black holes behave in a similar way (it is already
known that a stable photon orbit exists inside the inner horizon of an asymptotically
anti-de Sitter Kerr-Newman black hole [82]) and what — if any — implication this has
on holography [83].
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Appendix
The metric tensor of an (n+ 2)-dimensional static topological black hole is
g[AdSRNkn+2] = −f(r)dt2 + f(r)−1dr2 + r2dΩ2[Xkn] , (61)
for n > 2, where
f(r) = k +
r2
L2
− 16piM
nΓ[Xkn]r
n−1 +
8piQ2
n(n− 1)(Γ[Xkn])2r2n−2
. (62)
Here Γ[Xkn] is a constant dimensionless area of an n-dimensional Riemannian manifold
Xkn with curvature k = −1, 0, 1, while L is the AdS curvature length scale.
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Let
f(r) = k +
r2
L2
− A
rn−1
+
B
r2(n−1)
, (63)
where
A :=
16piM
nΓ[Xkn]
and B :=
8piQ2
n(n− 1)(Γ[Xkn])2
. (64)
We find that
f ′(r) =
2r
L2
+
(n− 1)A
rn
− 2(n− 1)B
r2n−1
. (65)
Extremality means that
f(rh) = 0 = f
′(rh) . (66)
From f(rh) = 0, we have
kr2n−1h +
r2n+1h
L2
− Arnh +Brh = 0, (67)
and from f ′(rh) = 0, we have
2r2n+1h
L2
+ (n− 1)Arnh − 2(n− 1)Brh = 0 . (68)
Substituting (67) into (68), we get
(n+ 1)Arnh = 2nBrh + 2kr
2n−1
h . (69)
We can read off the constants
A =
2rh(nB + kr
2n−2
h )
(n+ 1)rnh
, (70)
B =
(n+ 1)Arnh
2nrh
− kr
2n−2
h
n
. (71)
Substituting (70) back into (67), we obtain
r2n+1h
L2
=
2rh(nB + kr
2n−2
h )
n+ 1
−Brh − kr2n−1h (72)
=
n− 1
n+ 1
(Brh − kr2n−1h ) . (73)
Hence,
r2nh
L2
=
n− 1
n+ 1
(B − kr2n−2h ) . (74)
From the substitution of (71) into (74), we obtain
r2nh
L2
=
n− 1
2n
Arn−1h +
(1− n)
n
kr2n−2h , (75)
and thus
rn+1h
L2
=
n− 1
2n
A+
(1− n)
n
krn−1h . (76)
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For the effective potential which corresponds to a photon orbit in the spacetime that we
are interested in,
V (r) =
J2
r2
(
k +
r2
L2
− A
rn−1
+
B
r2(n−1)
)
. (77)
So we find
V ′(r)
J2
= −2k
r3
+
(n+ 1)A
rn+2
− 2nB
r2n+1
, (78)
and consequently,
V ′′(r)
J2
=
6k
r4
− (n+ 1)(n+ 2)A
rn+3
+
2n(2n+ 1)B
r2(n+1)
. (79)
Inserting (71) in (79) at the extremal horizon r = rh gives
V ′′(rh) = J2
[
6k
r4h
+
A
rn+3h
(n2 − 1)− 2k(2n+ 1)
r4h
]
(80)
= J2
[
A
rn+3h
(n2 − 1) + 4k
r4h
(1− n)
]
. (81)
By using (76), we simplify (81) to
V ′′(rh) = J2
[
A(n2 − 1)
rn+3h
+
4n
r2hL
2
− 2A(n− 1)
rn+3h
]
(82)
= J2
[
4n
r2hL
2
+
A(n− 1)2
rn+3h
]
. (83)
Since the dimensionality n is at least 2, V ′′(rh) is positive. Therefore, the extremal photon
orbit is stable.
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